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Let H he a. 3-partite 3-unifomi hypergraph with each partition class 
of size n, that is, a 3-uniform hypergraph such that every edge intersects 
every partition class in exactly one vertex. We determine the Dirac-type 
vertex degree thresholds for perfect matchings in 3-partite 3-uniform hy- 
pergraphs. 
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1 Introduction 

A perfect matching in a graph G is a set of vertex disjoint edges, which 
covers all vertices of G. Tutte gave a characterisation on all those 
graphs that contain a perfect matching. An easy consequence of a cele- 
brated theorem of Dirac [B] shows that if G is a graph of order n even 
and the minimum degree S{G) > n/2, then G contains a perfect match- 
ing. Thus, it is natural to ask for Dirac-type degree thresholds for perfect 
matchings in hypergraphs. 

We follow the notation of [3]. For a set M and an integer k, denote 
by (^^) the set of all fc-set of M. A fc-uniform hypergraph, or fc-graph for 
short, is a pair H = {V{H),E{H)), where V{H) is a finite set of vertices 
and E{H) C {^''P) is a set of fc-sets of V{H). Often we write V instead 
of V{H) when it is clear from the context. A matching M in _ff is a set of 
vertex disjoint edges of H, and it is perfect if M covers all vertices of H. 
Clearly, a perfect matching only exist if |y| is divisible by k. 

For a fc-graph H and an l-set T £ (Y), let deg(r) be the number of 
{k — i)-sets S € ii^i) such that S U T is an edge in H, and let 5i{H) be 
the minimum Z-degree of H, that is, mindeg(r) over all T £ (Y). We 
define mi{k,n) to be the smallest integer m such that every fc-graph H 
of order n satisfying Si (H) > m contains a perfect matching. Hence, we 
always assume that k\n whenever we talk about mi{k,n). Thus, we have 
mi(2, n) = n/2. 

For k > 2 and I — k—1, Rodl, Rucihski, Szemeredi [17] determined the 
value of mk-i{k, n) exactly, which improved the bounds given in [111I16| . 
For > 3 and 1 < i < fc, it is conjectured in that 
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For k — 3 and 1 = 1, Han, Person and Schacht [S] showed that ^ is true, 
that is, mi (3, n) ~ | (j) improving the resuh of Daykin and Haggkvist [5] 
for r = 3. The exact value was independently determined by Khan [9] and 
Kiihn, Osthus and Treglown [T^]. Khan (TUj further determined mi(4, n) 
exactly. For k > 3 and < I < k, Pikhurko [14] proved that mi{k, n) ~ 
^(fc-i)- Thus, for 1 < / < fc/2, fl} is still open except for the two cases 
fc = 3 and 1 = 1, and k = 4 and / = 1. Partial results were proved 
by Han, Person and Schacht [8], later improved by the first author and 
Rucihski ^3\. We recommend for a survey for other results about 
perfect matchings in hypergraphs. 

Instead of seeking for a perfect matching, BoUobas, Daykin, Erdos [4] 
considered the Dirac-type degree thresholds for a matching of size d. 
Theorem 1.1 (BoUobas, Daykin, Erdos [3]). Let k > 2 be an integer. If 
H be a k-graph H of order n > 2k'^{d + 2) and 

then H contains a matching of size d. 

For k = 3, Kiihn, Osthus, and Treglown [12] extended the above result 
and proved that if Si{H) > ("2^) — ("2'')' then H contains a matching 
of size d < n/3. 

A fc-graph H is fc-partite, if there exists a partition of the vertex set 
V into k classes Vi, . . . , Vk such that every edge intersects every class 
in exactly one vertex. Clearly, a perfect matching only exist if |Vi| = 
IV2I = ■■■ = \Vk\- For a fc-partite fc-graph H and integer 1 < ^ < fc, 
a Z-set T G {\) is said to be legal if |r n 1/^] < 1 for 1 < i < fc, and 
let Si{H) = mindeg(T) over all legal Z-sets in H. Similarly, we define 
m'i{k,n) to be the smallest integer m such that every fc-partite fc-graph 
H with each n vertices in each class satisfying Si{H) > m contains a 
perfect matching. Note that we no longer assume that fcjn for m'i{k,n). 
Aharoni, Georgakopoulos and Spriissel [T] proved that m'j._i(fc, n) < n/2+ 
1. Pikhurko [TJ proved an Ore- type result for perfect matchings in fc- 
partite fc-graphs. For fc £ N, we refer to the set {1, 2, . . . fc} as [k]. For 
a set L e ('^'), a set T G {\) an L-tuple if \T n Vi| = 1 for i G L, and 
let 5l{H) = mindeg(T) overall L-tuple T. Thus, the precise statement of 
the Ore-type result proved by Pikhurko is as follows. 
Theorem 1.2 (Pikhurko [H]). Let k>2, I <k and L £ {^f) be fixed. 
Let H be a k-partite k-graph with partition classes V\, . . . ,Vk each of size 
n. If 

^ + ^>l + o(l) 

then H contains a perfect matching. 

This implies that for fc/2 < I < k, m[{k,n) ~ ^n*"'. In this paper, 
we determine m'i(3, n) that is the minimum 5i{II) that ensures a perfect 
matching in 3-partite 3-graphs H . 

Theorem 1.3. There is an no such that if H is a 3-partite 3- graph with 
n > no vertices in each class and 

i{5n^-6n)/9 if n = (mod 3), 

(5n^ -4n- l)/9 if n = 1 (mod 3), 
(5n^-8n + 5)/9 if n = 2 (mod 3), 

then H contains a perfect matching. 
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Note that these bounds are optimal by considering H3{n;n — 1) and 
H^{n;n — 1) defined in Example 12.11 and Example 12.21 respectively. We 
make no attempt to optimise the value of no in the above theorem. A 
rough calculation shows that no = 2^^^ suffices. It is clear that no can be 
reduced significantly by using more careful counting arguments in var- 
ious places of the proof. Let H he a. 3-partite 3-graph on 6 vertices 
ui,U2,Vi_,V2,Wi,W2 with four edges uiuiuii, uiW2iU2, U2V2W1 and tt2UiW2. 
Observe that Si{H) = 2 and H does not contain a perfect matching. 
Hence, no > 2 and we ask whether Theorem 1 1.3 1 is true for no = 3. 

In addition, we also prove a natural generalisation of Theorem 1 1.1 1 for 
fc-partite fc-graphs H , that is, a Dirac-type 5i{H) threshold for a matching 
of size m in fc-partite fc- graphs H . 

Theorem 1.4. Let k, m and n he integers such that k > 2 and n > k'^m. 

Let H be a k-partite k-graph with n vertices in each class. Suppose the 
largest matching in H is of size m and 

5i{H) > (m- rm/fc])n'=~^ 

Then, H C Hk{n;m) if m ^ 1 (mod k), and H C Hu{n;m — l)yjH' if 
m 7^ 1 (mod fc), where the graph Hk{n; m) is defined in Examvle \2.1\ and 
E{H') IS an intersecting family. 

2 Notations and an outline of the proof 
of Theorem 11.31 

For a, 6 G N, we refer to the set {a, a + 1, ... 6} as [a, b]. For k\m, we say 
that a vertex set W is a balanced m-set ii \ W r]Vi\ = m/k for i £ [fc]. 
Throughout this paper, unless stated otherwise, Vij = Vi n V(ej) for 
partition class Vi and edges ej. Next, we give two examples to show that 
the bounds stated in Theorem 11.31 are best possible. 

Example 2.1 {Hk{n;m)). For i G [fc], let di < n and let Ui and Wi be 
a partition of vertex set of size n with \ Wi\ = di. Let U = UiG[fc] Ui and 
W = UiG[i,] L)efine H{n; di, . . . ,dk) to be the k-partite k-graph with 
partition classes UiU Wi, . . . ,Ukl-l Wk consisting of all those edges which 
meet W . Thus, H{n; di, . . . , dk) has a matching of size min{n, Ylie[k] '^»}- 
Write Hkiji; m) for H{n; di, . . . , dk), where di = [(m+i— 1) /fcj for i £ [fc]. 
Note that for I < fc 

Si{Hkin;m)) = n''~' - in- 

ielk-l] ^ 

In particular, for k = S, I = 1 and m — n — I we have 

{(5n^ - 6n) /9 if n = (mod 3) , 

(5n2-4n-l)/9 if n = I (mod 3), 
(5n^-8n-5)/9 if n = 2 (mod 3), 

so for n 7^ 2 (mod 3) the bound in Theorem ] 1.3\ is best possible. 

Example 2.2 {Hl(n;m)). For a k-partite k-graph H, the edge set E{H) 
is an intersecting family if V{e) n V{e') 7^ for e, e' £ E{H). Given 
Hk{n;m—1), wefixui G Ui fori G [fc] and let S be the set of all legal k-sets 
T such that |Tn {vi, . . . ,Vk}\ > k/2. Define Hl{n;m) to be the k-partite 
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k-graph on vertex setV{Hk{n;m—l)) with E{Hl{n-m)) — E{Hk{n-m — 
1)) U 5*. Note that H'^{n; m) has matchmgs of sizes at most m and 

5i{Hl(n;m))^5i{m{n;m^l))+ ^ 

k/2<i<k-l 

In particular, for k = 3 and m = n — 1 we have 5\{Hl{n\n — 1)) = 
(5n^ — 8n + 4)/9. Therefore, for n = 2 (mod 3) the bound m Theorem \l.'J\ 
is best possible. 

Now, we set up notations for 3-partite 3-graphs H with partition 
classes, Vi, V2, V3, each of size n. Given three vertex sets U\, U2, Us, not 
necessarily disjoint, we say an edge U1U2U3 is of type U1U2U3 if Ui £ Ui 
for i e [3]. 

For i G [3], let d; < n and define H' {n; di, d2, ds) to be the resulting 
subgraph of H {n; di , d2 , ds) after removing all edges of type WWW. In 
other words, H'{n; di, ci2, rfa) is the 3-partite 3-graph with partition classes 
UiUWi, U2UW2, U3U W3 consisting of aU those edges of type UUW 
and UWW, where U = Ui U U2 U U3, W = WiU W2 U W3, \Wi\ = d; and 
\Ui\ = n — di for i £ [3]. Define 1/3 (n; m) analogously. 

For e > 0, we say that H is e-close to H'(n; di, d2, da) if 

\E{H'{n;di,d2,d3))\E{H)\ < en\ 

Denote by Lx the link graph of x £ V consisting of all 2-element sets 
T such that {x} U T is an edge in H. Given disjoint vertex sets Ui, . . . ,Us, 
let La:{Ui, . . . , Us) be the set of all 2-element sets T C Ujg[s] nLx with 
I T n f/j I < 1 for j G [s] . For a matching M = {ei , . . . , } , we write La:{M) 
or La:(ei, . . . , Cs) for La:{V{ei), V{es)). 

We now give an outline of the proof of Theorem II. 3 1 Suppose that H is 
not e-close to 1/3 (n; n). We remove a small matching M satisfying the con- 
ditions in the absorption lemma, Lemma [4. 21 and call the resulting graph 
H' . This matching M has the property that for every 'small' balanced 
set W C V{H') there exists a perfect matching in HIV{M) U W]. If we 
can show that H' contains a matching covering most of its vertices, then 
the remaining vertices can be absorbed into M to get a perfect matching 
in H. Rather than getting bolt down by the details, we first prove an 
asymptotic version of Theorem 11.31 Theorem 15.21 in Section [S] to setup 
the framework. We then refine these arguments in Section |6l The case 
when H is e-close to H-jin; n) is dealt with in Section[7]by the application 
of Theorem 11.41 which is in turn proven in Section |3] 

3 Partial matchings 

We are going to prove the analogue of Theorem 11.11 for fc-partite k- 
graphs Theorem 11.41 First, we prove the case for n > k'^m? . 

Lemma 3.1. Let k, m and n be integers such that k > 2 and n > k*m^ /2. 
Let H be a k-partite k-graph with n vertices in each class. Suppose the 
largest matching in H is of size m and Si{H) > (m— \m/k])n''~'^ . Then, 
H C Hk{n; m) i/ ?n / 1 (mod k), and H C Hk{n\ m-l)\J H' i/ m / 1 
(mod k), where E{H') is an intersecting family. 

Proof. For fc = 2, the theorem can be easily verified by Konig's theorem 
and the minimum degree condition. Also it is trivial for m = 1, so we may 
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assume that fc > 3 and m > 2. Let Vi, . . . , Vfe be the partition classes of 
H and let M be a largest matching in H . Write m = rk + s with r > 
and 1 < s < fc, so Si{H) > (m - r - l)n'=-^ Let X, = Vi\V{M) for 
i G [fc] and X — Uig[fe] For x & X, the number of edges containing x 
and exactly one vertex of M is at least 

Si{H)- (^^^ynn''-'> (m - r - 1 - fc-2) 71*=-^ (2) 

Given i G [fc], a; G X and ej £ M, we say that x and Sj are i-connected 
if there exist more than (2fc)'^^^ edges containing both x and Vij but no 
other vertices in M. In addition, we say that x makes I connections to 
a submatching M' subsetM if there exists I pairs G M' x [fc] such 

that X and are i-connected. Each x £ X makes at least m ~ r — 1 
connections to M, or else by ([5} we have 

(m — r — 1 — k~^)n''~^ < mk x (2fc)''^^ + {m — r — 2)n^~^ 

a contradiction. Note that if there exists ej G Af such that Cj and a; are i- 
connected and Cj and x' G X are i'-connected for some i ^ i' and distinct 
x,x' G X, then we can enlarge M by replacing Cj with two disjoint edges in 
H[XVJV{ej)] containing the vertex pair (x, Vij) and (a;', respectively. 
Thus, if ej and a; are i-connected and ej and a;' are i'-connected, then i = i' 
or x = x' . Also notice that if a; G X is i-connected to ej G M for two 
values of i, then ej is not j'-connected to any x' G X\{a;} for any i' G [fc]. 
Thus, there are at most m — 1 vertices x £ X that have two connections 
with some e G M and we call these vertices bad. 

First we consider the case when s 7^ 1. We now claim that there 
exists a partition of M into fc classes Mi , . . . , Affc such that if a; G X and 
e G A/j are i-connected, then i = j. First, pick Xk G Xk that is not bad. 
For i G [fc], define to be the set of edges e G M such that Xk and e 
are i-connected. Note that Af^ = 0. Since x^ makes at least m — r — 1 

connections to Af, |Af(|-| hjAf^.jj > 77i-r-l. Recall that m > rfc-|-2, 

we may assume that jAfij > r + 1. Pick xi G Xi that is not bad. For 
i G [fc], let Ali to be the set of edges e G A/ such that e G A// or xi and 
e are i-connected. Since there are no connection between xi and Mi, we 
have 

J2 \Mi\>r + l + {m-r-l)=m 

2<i<k 

and so Mi, . . . , Mk forms a partition of M. In addition, since equality 
holds, we have |A^i| < r- -I- 1. Without loss of generality, we have |Afi| = 
r + 1 for i G [s] and |A/i| — r otherwise. Moreover for i G [s] and x £ Xi, 
X is j-connected to e G Mj for j 7^ i. Set Wi = V{Mi) n K for i G [fc] 
and W — Ui6[fc] W^i- In order to show that H C Hk{n,m), it is sufficient 
to show that all edges meet W . Suppose the contrary and let e' be an 
edge disjoint from W . Clearly e' must intersect with some e G Af by 
the maximality of M. Let ei, . . . , ei be the edges in M that intersect 
with e' and ej £ Mi.. Next we pick vertices xi, xi £ X\V{e') 
such that Xj £ Xi if ij 7^ 1 otherwise Xj £ X2. Note that Xj and ej 
are ij-connected for j £ [I]. Hence, there exist disjoint edges e'l, 
e'l in V\V{e' U ei U • • • U e;) with {xj,Vi^^j} C e'j for j £ [I]. Therefore, 
AfU{e', e'l, . . . , ej}\{ei , . . . , e;} is a matching of size m-l-1, a contradiction. 

Now, we consider the case when s = 1. For i G [fc], define Mi to be 
the set of edges e G Af such that x and e are i-connected for at least 2fc 
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vertices x a X. By similar arguments as in the case when 2 < s < I and 
averaging argument, we have 1-^^*1 > JTi — 1 and r < \Mi\ < r + 1. 

Set Wi = 1/(M0 n V^ for i e [fc] and W = U.eW 'l^- If = U,s[fc] 
then we can deduce that every edges meet W and so H C Hk{n; m) (by 
using the argument in the previous paragraph). Thus, we may assume 
that eo £ M\U^gjj,jMi. Consider all the edges that do not meet W. 
Suppose there exists two disjoint such edges e'l and e'2. Let ei, . . . , e; 
be the edges in M\{eo} that intersect with e'l or 62- Note that we can 
enlarge M by replacing each ej with an edge containing xj and Vi- j , where 
ej € Mi - and Xj are -connected to Cj. Thus, we conclude that the set of 
all the edges that do not meet Ui6[fe] forms an intersecting family, so 
H C Hk{n; m — 1) U H' such that E{H') is an intersecting family. Hence, 
the proof of the lemma is completed. □ 

To prove Theorem 11.41 for the case kJm < n < fc'*m^/2, we proceed 
by induction on m. Its proof is based on [J. First, we need the following 
simple proposition of which we omit the proof. 

Proposition 3.2. Let H be a k-partite k-graph with n vertices in each 
class. Suppose the largest matching in H is of size m. 

(a) // H\v contains a matching of size m for some vertex v, then 
deg(ii) < n''^^ — {n — m)''^^ . 

(fe) For a legal k-set T , if H\T contains a matching of size m — fe + 1, 
then for some v £T 

deg(?;) < n'' — (71 — m)^~^ < kmn^~^ . 

Proof of Theorem \1.4\ For k = 2, the theorem can be easily verified by 
Konig's theorem and the minimum degree condition. We may assume 
that fc > 3. Write m — rk + s with r > and 1 < s < fc, so Si{H) > 
[m — r — l)?!*^"^. Fix s and we proceed by induction on r. For r < fc^, 
the theorem is true by Lemma [3.1 1 Suppose that r > k'^ and the results 
holds for smaller values of r. Let Vi, . . . , Vfe be the partition classes of H 
and let M be a matching of size m in H. In the next claim, we show that 
there is a vertex Vi £ Vi with deg(i;i) > n^~^ /2k'^ for i £ [k]. The proof 
of the claim uses the ideas in the proof of Lemma |3. II 

Claim 3.3. Fori G [k\, there exists Vi £ Vi such that deg(vi) > n''~^ /2k^ . 

Proof Let Xi = Vi\V{M) for i G [k] and X = Uig[fe] Xi. For x e X, the 
number of edges containing x and exactly one vertex of M is at least 

(V-F-ir)"."". (3) 

Given x & X and Cj G M, we say that x and Cj are i-connected if there 
exist more than {2k)''~^ edges containing both x and Vij but no other 
vertices in M. Again, we say that x makes I connections to a submatching 
M' suhsetM if there exists I pairs {ej,i) G M' x [k] such that x and 
Cj are i-connected. By ((Sjl, we know that that x £ X makes at least 
— — 73) m connections to M. In addition, if ej G M and x £ X 
are i-connected and Cj and x' £ X are i'-connected, then i = i' or a; = 2:'. 
Thus, there are at most m — 1 vertices x £ X that have two connections 
with some e £ M and we remove those vertices from X. 
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For i £ [k], define Mi to be the set of edges e £ M sucfi that x and e are 
i-connected for at least 2k vertices x G X. We are going to show that Mi, 
. . . , Mfe cover all but at most m/k^ edges e € M. Pick m vertices xi, . . . , 
Xm G Xk. Since each Xj makes at least (-^^ ^ pr ~ ji) 'm connections 

to M, by averaging |Mi|H h|Mfc_i| > ~ ~ ■^) "^ and similarly 

we have 

for i £ [k]. Hence, we have 

^/'^^^{'-whT)-kH^)^^{'~i^)^ 

and \M4 < (l/k + l/k'^ + S/k^) for i G [k]. Set = l/(AfOnV; for i G [fc] 
and set W = U»e[fc] W^'- Further, set Mo = Af\ IJ Mi, so |Afo| < m/fc^. As 
in the proof of Lemma [3.11 we can deduce that every edge e in H[V\A4o] 
must intersect with W. 

For each x G X2, by ((3| the number of edges containing x and exactly 
one vertex of Wi is at least 

mn''-^ - J2 \M^\n'' - \Mo\ (n'"^ + {k - l){2k)''^ 

3<i<k 

>mn /K . 

Thus, there exists vi G Wi such that deg(?;i) > n'°~^/2fc'^ and similarly 
there exists Vi G VKi such that deg(?;i) > n'^"^/2fc^ for i G [k]. Therefore, 
the proof of the claim is completed. □ 

Let T — {vi, . . . ,Vk} with Vi G Vi and deg(«i) > n''^^/2k'^, and let 
H' = H\T. Then 

>(m - r - l)/!*^-^ - (n'=-' - (n - 1)'=-') 
>(m ~ k ~ r)[n ~ l)*"""^. 

For s 7^ 1, if there does not exist a matching of size greater than m — k 
in H' , then the induction hypothesis implies that H' C Hk{n — 1; m — fc) 
and so H C Hk{n;m) and the corresponding statement holds for s = L 
Thus we can assume without loss of generality that H' contains a matching 
of size m — + 1. By Claim [3l3l and Proposition 13.21 (h) . there exists an 
i G [k] such that 

n'~^ I2\? <deg(i;i) < kmn"~'^ 
which implies that n < Ak'^m, a contradiction. □ 
Corollary 3.4. Let r > and 1 < s < 3 6e integers and let 

{n^~{n-rf + l «/s = l, 

— {n — r) {n — r — 1) if s = 2, 
n^~{n-r-lf if s = 3. 

Let H be a 3-partite 3-graph with each class of size n > 3^m and 3i{H) > 
d3{n, r, s) . Then, H contains a matching of size 3r + s + 1. 
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Proof. The case when 2 < s < 3 follows easily from Theorem 11.41 and 
Example 12.11 To prove the case when s = 1, it is enough to show that 
if the edge set of a 3-partite 3-graph H' forms an intersecting family, 
then 5i{H') < 1. Assume that 5i{H') > 2. Since 5i{H') > 1, it is 
easy to see that there exist 61,62 G E{H') with |l^(ei) n V^(e2)| = 1, say 
61 — vi^iV2.iu and 61 = wi.2i'2,2it. Let w G V3\{«}. If 63 = «i.ii;2,2W and 
64 = ui,2W2,iW exist, then {61 , 62, 63, 64, e} is not an intersecting family for 
edges e with V{e)r]{u, w} = 0. Hence, we may assume that 63 = t;i,ii'2,2W 
and 65 = t;i,iU2,i''' exist. However, {61,62,63,65,6} is not an intersecting 
family for edges e with V{e) n {^1,1, vi,2} = 0, a contradiction. □ 



4 An absorption lemma for fc-partite k- 
graphs 

Here, we prove a version of the absorption lemma given by Han, Person, 
Schacht [H] for fc-partite fc-graphs. Thus, its proof follows the same argu- 
ments as in [8]. For the sake of completeness, we include the proof below. 
First we need the following simple proposition. 

Proposition 4.1. Let H be a k-partite k-graph with n vertices in each 
class. For all x G [0, 1] and all integers 1 < m < I < k we have, if 
5i{H) > xn'=-', then 5m{H) > xn^'"^ . 

Proof. Let Vi, . . . , Vk be the vertex classes of H . Let T be a balanced 
m-set in V{H). Without loss of generality, T — {vi, . . . , Vm} with Vi G Vi 
for G [m] . Then the condition on 5i implies that T is contained in at least 



k — m 
I — m 



J2 Yl Yl deg{vi,...,vi) 



'k-m\ lk-m\ k-i k-m 

> , , n xn = xn 



I — m I \l — m 

edges, and the proposition follows. □ 

Lemma 4.2 (An absorption lemma for fc-partite fc-graphs). Let k > I > 
0, 

< 7 < ^ 5fcj(,_i) <^nd y = J^'kik - If 12. 

Then, there is an no such that for all n > no there following holds: Suppose 
H is a k-partite k-graph with n vertices in each class and minimum l- 
degree 5i{H) > (1/2 -f 7)72*"', then there exists a matching M in H of 
size \M\ < 7*n such that for every balanced set W of size \W\ < kj'n, 
there exists a matching covering exactly the vertices ofV{M) U W. 

Proof. Let _ff be a fc-partite fc-graph with partition classes Vi , . . . , Vk 
each of size n and minimum /-degree Si{H) > (1/2 -1-7)71''"'. From Propo- 
sition ICT Si{H) > (1/2 + 7)71*^^^ and it suffices to prove the lemma for 
/ = 1. Throughout the proof we may assume that no is chosen sufficiently 
large. Furthermore set m — k(k — 1) and call a balanced m-set A an 
absorbing m-set for a balanced fc-set T if A spans a matching of size k — \ 
and AyjT spans a matching of size k, in other words, A n T = and both 
H[A\ and H[A U T] contain a perfect matching. Denote by C{T) the set 
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of all absorbing m-sets for T. Next, we show that for every balanced fc-set 
T, there are many absorbing m-sets for T. 

Claim 4.3. For every balanced k-set T, j£(T)| > 7'''"^n'"/2(fc - 1)*=. 

Proof. Let T = {vi, . . . ,Vk} be fixed with Vi G Vi for i £ [k]. Since no 
was chosen large enough, there are at most (k — l)n^^'^ < 'yn''^^ edges, 
which contain vi and Vj for some j € [2, k]. Due to the minimum degree 
of H there are at least n*~^/2 edges containing vi but none of 112, • ■ • , Vk- 
We fix one such edge {vi,U2, . . . ,Uk} with Ui £ Vi for i £ [2, fc]. Set 
Ui = {u2, ■ ■ ■ ,Uk} and Wo = T. For each j £ [2, fc] and each pair Uj,Vj 
suppose we succeed to choose a (fc — l)-set Uj such that Uj is disjoint to 
Wj-i = Uj-i U Wj-2 and both Uj U {uj} and Uj U {vj} are edges in H. 
Then for a fixed j £ [2, fc] we call such a choice Uj good, motivated by 
A — Ujs[fe] Uj being an absorbing m-set for T. 

Note that in each step j £ [2, fc] there are k + {j — l)(fc — 1) vertices in 
Wj-i. More specifically, there are at most j < k vertices in Vi n Wj-i for 
i £ [fc]. Thus, the number of edges intersecting Uj (or Vj respectively) and 
at least one other vertex in Wj is at most (fc— l)jn''~^ < fc^n*"'^ < 771'°"^. 
For each j £ [2, fc] there are at least 2771'°"^ — 771'°"^ = 'yn''~^ choices for 
Uj and in total we obtain 7*~^n*''*~^^/2 absorbing 77i-sets for T with 
multiplicity at most (fc — 1)*. □ 

Now, choose a family F of balanced m-sets by selecting each of the 
possible balanced m-sets independently with probability p = 'y''n/A 

with 

Then, by Chernoff's bound (see e.g. [2) with probability 1 — o(l) as n 
00, the family F satisfies the following properties: 



\F\ <7'n (5) 



and 



mT) nF\> 1 ^^^i^ ^ > 27'n (6) 

for all balanced fc-sets T. Furthermore, we can bound the expected num- 
ber of intersecting m-sets by 

Thus, using Markov's inequality, we derive that with probability at least 
1/2 

F contains at most 7'n intersecting pairs. (7) 

Hence, with positive probability the family F has all properties stated 
in ([S]), (|6} and By deleting all the intersecting balanced m-sets and 
non-absorbing m-sets in such a family F, we get a subfamily F' consisting 
of pairwise disjoint balanced m-sets, which satisfies 

|/:(r)nF'| >27'n-7'n>7'n (8) 
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for all balanced fc-sets T. Since F' consists only of absorbing m-sets, 
H[V{F')] has a perfect matching M of size at most 7*n. For a balanced 
set W C V\V{M) of size \W\ < k'y'n, W can be partition in to at most 
k^'n balanced fc-set. Each balanced fc-set can be successively absorbed 
using a different absorbing m-set in F' , so there exists a matching covering 
V{M)yjW. □ 



5 Asymptotic result 

In this section, we prove an asymptotic version of Theorem 11.31 Its proof 
will provide the framework for the proof of the exact result. We will need 
to following lemma. 

Lemma 5.1. Let < 7 < 3/4 and p > 0. Let H be a 3-partite 3-graph 
with n > max{3 X 2^^/(p7*),3^ X 2"^^/(p7*)} vertices in each class and 

SiiH)> (^^+7) n^ 

then H contains a matching of size at least (1 — p)'n,. 

Before presenting its proof, we prove the asymptotic version of Theo- 
rem [13] using the above lemma and the absorption lemma, Lemma 14.21 

Theorem 5.2. There exists a constant c > such that for all 7 > 0, i/ 

H is a 3-partite 3-graph with n > 07""'^^ vertices in each class and 

Si{H)> (^^+7) n^ 
then H contains a perfect matching. 

Proof. Without loss of generality, we may assume that c is sufficiently 
large and 7 < 2e~®/15 satisfying the hypothesis of Lemma [4. 21 with k — 3 
and 1 = 1. Let M be the matching given by Lemma [4.2l and so < 7'^n. 
Let H' = H\V{M). Note that 

Si{H) > (^^ + 7^ - 27'n^ > + 7/2) n'^ 

where n' = n— \M\. By Lemma FS . 1 I taking p = 67® , there exists a matching 
M' in H' of size at least (1 - 67^)71'. Let W = V{H')\V{M'). Note that 
W is balanced with at most 67^71' < 67^71 vertices. Thus, there exists a 
matching M" covering exactly the vertices of V{M') UW hy Lemma [4. 2 1 
and so AI' and AI" form a perfect matching. □ 

In order to prove Lemma l5.ll we will need the following simple fact 
for graphs of which we omit its proof. 

Proposition 5.3. Let G be a graph of order n. If e{G) > ^^{^) , then 
there exists a subgraph G' C G with 5{G') > en and e{G\G') < 26(2). 

Proof of Lemma ] 5. 11 Without loss of generality, we may assume that 7 < 
10"-' and n is sufficiently large. Let Vi, V2 and V3 be the partition classes 
in H and let AI be a largest matching in H. Assume to the contrary that 
71 - \A1\ > pn. Let Xi = Vi\ViM) for i € [3] and X = Xi x X2 x X3. 
Without loss of generality, we may suppose that x = = \X2\ = l^s] = 
pn (we omit floors and ceilings for clarity of presentation). 
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For every S = (a;i, 3:2, 2:3) £ X and any submatching Af of M, let 
Ls{M') = L^-,iM') U L^^{M') U L:,^{M'). Note that for each i G [3], 
Lx~{M') only has edges between Vi+i and Vi+2 (addition modulo 3), so 
Ls{M') does not contain any multiple edges. For S (z X and E £ (^2^), 
we say that E is of type (ai,a2,a3) with respect to S if e{Lxi{E)) — ai for 
i G [3]. Note that if «ii,ji«i2,i2 6 -f's(ei,e2) for 61,62 G M, then ii / 12 
and ji 7^ j2- Thus, < 01,02,03 < 2. 

For every S £ X, define the matching graph Gs with respect to S to 
be an edge-coloured complete graph with vertex set M and for e,e' & M 
ee' is coloured (01,02,03) if {e,e'} is of type (01,02,03) with respect to 
S. Let Gs(oi, 02,03) be the subgraph of Gs induced by edges of colour 
(01,02,03) and write 65(01,02,03) = |i5(Gs(oi, 02, 03))] . 

First, we show that Ls{E) does not contain a matching of size 3 for 
S G X and £ G (*^) . 

Claim 5.4. For all S G X and all E G {^), Ls{E) does not contain a 
matching of size 3. Moreover, 65(01,02, 03) — for oi + 02 + 03 > 5 and 

Sex. 

Proof. Suppose that there exist S G X and E G (^2^) such that Ls{E) 
contains a matching Mo of size 3, say Mo = {ri,r2,T3}. Since each 
partition class of Ls{E) is of size 2, we may assume that Ti D Vi = 
for i G [3]. But then the sets {xi} U Ti, i G [3] form a matching in 
H of size 3 which intersects only 2 edges of M. This is a contradiction 
with the maximality of M in H . The last assertion is easily follows as 
"ii,ii"i2,i2 ^ -^^3(61, 62) for ii = 42 or ji = j2. □ 

In the following claim, we show that at most x'^ /8 sets S €z X satisfying 
es(l,2,l)>i(-). 

Claim 5.5. For all but at most x^/8 sets S € X , we have 6s(l,2, 1) < 
^(™). Moreover, the above statement still holds if we replace 6s(l,2, 1) 
by 6s(2,l,l) or 6s(l, 1,2). 

Proof. Suppose that the claim is false, so there are at least x^/A sets 
S e X with 6s(l, 2, 1) > ^("). Fix one such S. By Claim El note that 
E = (61, 62) G Es{l, 2, 1) if and only if Ls{E) is a path of length 4. To 
be more precise, Le{S) = t;i,2W3, 1^2, 21^1,1^^3, 2 or Wi,it;3,2'y2,iWi,2i'3,i- We 
write 6162 if Le{S) = t'i,2W3,i«2,2i'i,i'''3,2- Thus, 5* induces an orientation 
onGs(l,2,l). 

By Proposition 15.31 there exists a subgraph G' C Gs(l, 2, 1) such that 
S{G) > 7m/8 and e(G\G') < |("), so \G'\ > 7m/8. Thus, there are 
at least (7m/8)®/4 = -fm^jir copies of a path of length 5 in G' C 
Gs(l,2, 1). Then by averaging, there exists a copy Po — 616263646566 of 
a path of length 5 such that Po C Gs(l,2, 1) for at least ^^x^ /2^'^ sets 
S £ X. In addition, there are at least 7®a;^/2^^ sets S £ X such that 
every such S induces the same orientation on Po. Since ^^x"^ /2'^'^ > Zx^ , 
there exist four such sets S\, . . . , Si £ X that are vertex disjoint. In order 
to get a contradiction with the maximality of M, we are going to show 
that there exists a matching M' of size r + 1 in Lg. (ei, . . . , e&) for i G [4] 
touching at most r of the Ci. Moreover, M' combined with Si, . . . , 5*4 
will yield an enlargement of M. 

Without loss of generality, we may assume that ^364. If elel, then we 
may assume that 6263 by restricting to 61626364. Note that there exists 
a matching of size 5 in Ls; (ei, 62, 63, 64) for i G [4], namely, {?;i,ii'2,2. 
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(a) (b) 

Figure 1: Diagrams for Claim [53] 



(c) 



V3,iVi,2, V3^2Vi,3, W3,3'yi,4, i'2,3'i^3,4} (see Figure [T] (a)) , and so we obtain a 
contradiction. Thus, we have ^162- 

If fees, then there exists a matching of size 5 in Lg. (ei, 62, 63, 64) for i G 
[4], namely, {f 1, 1 113,2 , 'U3,i«2,2, wi, 2^2,3, I'l, 3^3,4, t^3,3Wi,4} (see Figure[T](6)). 
Thus, we have 6263. By similar argument as in the previous paragraph, 
we deduce that eles by considering 62636465 . 

In summary, we have eie2, fees, 6364 and ^465. Note that there is 
a matching of size 6 in 1/51(61,62,63,64,65), namely, {ui,iU3,2, i^3,i'^'i,2, 
V2,2?^i,3, ■y3,3«i,4, i'3,4Wi,5, i'2,4"3,5} (see Figure[T](c)). Again, this matching 
together with 5*1, . . . , 5*4 will yield an enlargement of Af, a contradiction. 

□ 

Define G'g{ai, a2, as) to be a subgraph of Gs(ai, 12, 13) such that 
S{G's{ai,a2,a3)) > 'ym/16 
if exists. Furthermore, by Proposition 15.31 we may assume that 

6(Gs(oi,02,a3)\Gs(ai,a2,a3)) < - 

o 

Let G's(-,-,0) = G's(2,2,0)uG's(2,l,0)uG's(l,2,0) and let 6's(-,.,0) = 
\E{G's{-,;0))\. Thus, 

e'si-,-,0) > 6s(2, 2, 0) + 6s(2, 1, 0) + 6s(l, 2, 0) - . (9) 

Claim 5.6. For all but at most sets S € X, no two of {G'g{- , -,0) , 

G's{-,-,0), G's{-,-,0)} intersect in more than 7771/8 vertices. 

Proof. Let A be the set of (01,02,03,61,62,63) such that 

(0(t(1),0<t(1),0(t(3),''<t(1),&ct(2),6<t(3)) ~ {0 , a'2 , 2 , 2 , b'2 , b'^) 

for some 1 < a'2 < 2, < b'2,b'-i < 2 and some permutation a G S3. 
For (01,02,03,61,62,63) e A, denote by P(oi, 02, 03, 61, 62, 63) a path 
6162636465 of length 4 such that 6i6i+i has colour (01,02,03) for i G [3], 
and 6465 has (61,62,63). 

Suppose the statement in the claim is false, so there are at least a;'^/8 
such S £ X. Fix one such 5*. Without loss of generality, |Gs(0, ■,•) n 
G's(-, 0,-)| > 7m/8. Further, assume that |G's(0, 2, 1) n G's(2, 0, 1)| > 
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ei 62 6;, 64 65 ei 62 63 64 65 



Vl 





Figure 2: Diagrams for Claim 



7m/72. Recall that 5(G's(0, 2, 1)), (S(Gs(2, 0, 1)) > 7m/16. Thus, we can 
find at least 

77717771 1^7777 A /7m /l^Tt 3^ > "'^ 1^77)7^5 



72 16 V 16 



V 16 



V 16 



9 V 16 7 



copies of 'P(0, 2, 1, 2, 0, 1) in Gs. Thus, for each such S there exist at least 
(7rr7/16)V9 

copies of P{A) in S for some A £ A. 
Note that |^| < 108. By averaging, we may assume that, for some 
A £ A, there exists a copy Vo of 'P(^) such that Vo C Gs for 3 dis- 
joint sets Si, 52,5*3 e X such that L(£') = Ls, {E) for i e [3]. With- 
out loss of generality, assume that A = (0,1,2,2,0,0). Hence, 6263 is 
coloured (0,1,2) and so either ui,2?'3,3 G ^(62,63) or i;i,37'3,2 G -£(62,63). 

If «l,27'3,3 G 1/(62,63), then {l'l,2l'3,3, Wl,3«2,2, 7'1,4«2,3, ■y2,47'3,5, «2,5f3,4} 

(see Figure[2] (a)) is a matching of size 5 in L(62, . . . , 65). Notice that this 
matching spans 4 edges of M, and so by combining with 5i, S2, S3 we can 
obtain an enlargement of M, a contradiction. If ui, 3113,2 € 1/(62,63), then 
{7'i,iW2,2, W2,i«i,2, «i,3"3,2, tJi,4W2,3, W2,4«3,5, «2, 51^3,4} (see Figure [2] (6)) is 
a matching of size 6 in I/(6i, . . . , 65), which also implies a contradiction. 

□ 

Let X' be the set of 5 £ X such that 



6s(2,l,l),6s(l,2,l),6s(l,l,2) < 

We are going to show that for every S £ X' , 

|G's(0,-,-)i,|G's(-,0,-)i,iG's(-,-,0)| > Q + I^m 

and since \X'\ > 5a;'^/8 by Claim [5751 it will contradict Claim [57^ Fix 
S — {xi, X2, X3) £ X' . Observe that the number of edges of H of the form 
{x} U T and such that T ^ Lx{M), is at most 22:771 -I- 777 < 777^/2. Hence, 
by the assumption on Si{H), for every x £ Xi, 



e{L4M)) > deg{x) - Tf > ( ^ + 1] > ^ + ^ 
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(10) 



Let Gs(ai, *, *) = \Ja<b2,b3<2 Gsiai,b2,h) and write es{ai, *, *) for \E{Gs{ai, *, *))|. 
Similarly, define Gs(*,a2,*), Gs(*, *,a3), 6s(*,a2,*) and es(*,*,a3). 
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Note that 

e(L,i(M)) =2es(2, *, *) + es(l, *, *) = £5(2, *, *) + 1 - es(0, *, *) 



<es(2, *,*)+( 'J' I - e's(0, •, •) - es(0, 2, 0), (11) 



and so (1101) becomes 



es(2, *, *) > + 7) + e's(0, ■, ■) + es(0, 2, 0). (12) 

On the other hand, by (jO]), we have 

es(2, *, *) <e's(-, ■, 0) + e's{-,0, ■) + es{2, 1, 1) + es(2, 0, 0) + ^ 

<e^(., 0) + e'si-,0, ■) + es(2, 0, 0) + ^ . (13) 
Thus, together with (|12p we have 

e's(-,-,0) + e's(-,0,-) + es(2,0,0) > + |) (^'^j + e's(0, •, •) + es(0, 2, 0), 

(14) 

and by similar argument (i.e. swapping the indices) we have 

es(-,-,0) + e's(0,-,-) + es(0,2,0) > Q + |) (^fj + e's(-, 0, •) + es(2, 0, 0) 

(15) 

Therefore, by adding (|14|1 and H15|l together we obtain 

e'si;;0)>(Ul)h]. (16) 



,9 8, ^ ^ 

Hence, Gg(-, ■, 0) spans at least (1/3 + 7/8)m vertices, and similar results 
hold for G's{-, 0, ■) and G's{0, •, ■). This completes the proof of the lemma. 

□ 

Notice that Claim 15.41 Claim 15.51 and Claim 15.61 do not require the 
assumption on Si{H). In fact, we have shown that if (|10|l holds, then for 
every S G X' , then |G's(0-, •)!, |G's(-, 0, •)!, |G's(-, •, 0)| > (1/3 + 7/8) m. 



6 Extending Lemma 15.1 



By extending the arguments in the proof of Lemma l5.1l we are going to 
show that if Si{H) > (5/9 — 7) n^, then H contains a large matching or a 
large subgraph of order 3n' that is e-close to Hg{n'; n') 

Lemma 6.1. Let 7, p > and 7" = 3(12007 + There exists an 

no such that if H is a 3-partite 3-graph with n > no vertices in each class 
and Si{H) > (5/9 — 7) and contains no matching of size (1 — p)n, then 
there exists a subgraph H' such that H' is 8"f" -close to H^{n';n'), where 
n' > (1 -7")n and 3|n'. 
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Proof. Without loss of generality, we may assume that 7 is small and n 
is sufficiently large. Let Vi, V2 and V3 be the partition classes of H and 
let M be a largest matching in H. Let m = \M\, so n — m > pn. Let 
Xi = V^,V{M) for i G [3] and X ^ Xi x X2 x X3. Thus x = \Xi\ > pn. 
For every S € X, define Gs, G'g(ai, 02, as), G5(-,-,0), G's{ai,*,*) as in 
the proof of Lemma 15.11 Next, we bound the number of edges of type 
XXV{A4). 

Claim 6.2. For i G [3], all but at most x/8 vertices in Xi G Xi, we have 
e{L^,iV{M),X)) < {l + ^)mx, where L^^{V{M),X) = L^^{V{M),XiU 
XiUXa). 

Proof. Suppose the claim is false for i — 1 say. Let xi G Xi such that 
e{Lxi{V{M), X)) > (1 — ^7)7712;. For an edge e G M, we say that e is 
good for xi if each of «2 = e n V2 and W3 = e n V3 has degree at least 2 in 
Lxi{e,X). We claim that there are at least 2^/7m/3 good edges for xi. 
Indeed, otherwise we have 

e(L,i(F(M),X) <(1 - 2^/3)m(l +x) +4^ma;/3 
= (1 + 2y^/3)mx + (1 - 2^/3)m 
<(1 + V^)'mx, 

a contradiction. Since there are at least x/8 such xi G Xi, by averaging 
there exists an edge ei G M that is good for both xi,x'i G Xi . It is easy to 
find u G X3 and it' G X2 such that xiV2,iu and x'lUVi^i are disjoint edges 
in H. Hence, we can enlarge M contradicting the maximality of M . □ 

Denote by X" the set of 5 = (xi,X2,X3) G X such that 
(a) es(2,l,l),es(l,2,l),es(l,l,2) < f ('J), 
(6) e(L,,(l/(M),X)) < (l + ^)ma; for i G [3], 

(c) no two of {G'(2, •, •), G'(-, 2, ■), G'(-, ■, 2)} intersect in more than 7771/8 
vertices. 

Note that X" C X' . Now, we show that Af > (1 - ■iy/^yj2)n. 
Claim 6.3. For S = X2, X3) G X", 

.,(M)s(i5-2.)(^) 

for i£ [3]. Moreover, \M\ > (1 - 3\/772)n. 

Proof. For i G [3], the number of edges of type H of the form {xi} U T 
and such that T G (^'2^')\L^, (M), is at most m < ^mx. Hence 

i^.(M) >5i(^^) - e(l,,(V(M),X)) - y7mx 
>(5/9 - 7)71^ - (1 + 2^)7712; 
= (5/9 - 7)(7n^ + x^) + (1/9 - 27 - 2^^)7712; 
>(5/9-7)(77i^ (17) 

Thus, the first inequality in the claim holds. Now suppose that m < 
(1 — 3-^/7/2)71 and so a; > Sy^'y/2n > Sy^'y/2m. Hence, (flT)) becomes 

L.,{M) >(5/9 - 7) (1 + y) - (^°/^ + 
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Recall that S G X" C X' . By the remark after the proof of Lemma l5.ll 
we can deduce that |G"(2, •, • • • )|, \G' {■ ,2, ■ ■ ■ )\, |G"(-,--- ,2)| > (l+7/8)m 
contradicting property (c). □ 



By the remark after the proof of Lemma 15.11 Claim 15.41 Claim 15.5 
and Claim also hold. Thus together with Claim and Claim [531 we 
know that \X"\ > /8. In the next claim, we show that given S G X" all 
but at most 1267(") edges of Gs have colours (2,2,0), (2,0,2), (0,2,2) 
or (1,1,1). 

Claim 6.4. For S G X" , 

e's(2,2,0),e's(2,0,2),e's(0,2,2) > Q - 287) (j^^ and 

es(l,l,l)> fi-577^ 



9 7 \ 2 

Proof. By Claim 16.31 and following the same argument as in the proof of 
Lemma |5.1l we obtain the following inequalities corresponding to ()12p . 
(O and (O: 

es{2, *, *) > - 27) (^^ + e's(0, ■, ■) + e,(0, 2, 0), (18) 
es(2, *, *) <e^(-, •, 0) + e's{; 0, •) + es(2, 0, 0) + ^ (^^^ , (19) 

e5(-,-,0)>Q-37) (^2)' (20) 
and similar inequalities hold if we swap the indices. Hence, 

(l/3-57)m< |G's(-,-,0)|,|G's(-,0,-)i,|G's(0,-,-)l < (l/3 + ll7)m, 

where the lower and upper bounds are due to (|20p and property (c) re- 
spectively. Moreover, 

e's(-,-,0)<(i+87)(^). (21) 

Denote by Qs{j) the set of i5 G (Y) such that E is of type (ai, 02, 03) 
with respect to S and ai + a2 + as, — j. By Claim 15.41 Qs(j) = for 
j > 5. In addition, we have 

|Qs(4)| =es(2, 2, 0) + es(2, 0, 2) + es(0, 2, 2) 

+ es(2,l,l)+es(l,2,l) + es(l,2,l) 

<e^(2, 2, 0) + e's(2, 0, 2) + e's(0, 2, 2) + ^ j . 

Therefore, 

e{Ls{M)) < ^ jlQs(j)l ^ + l^^Wl - E 

<e^(2,2,0) + e^(2,0,2) + e's(0,2,2)+ (^3+|!^) (^^ -J2\Qs{j)\. 
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Recall that Ls(Af) = L^^{M) U L^^{A4) U L^.^{M), so by Claim [O] we 
have 

e's(2,2,0) + e's(2,0,2)+c's(0,2,2)> - ^) (^"3 ) + E l^^O')!- 
Since 6^(2, 2,0) < e's(-,-,0) < (1/9 + 87) (") by we have 

l]|Os(j)l < 317(^2') ^^'^ 
e's(2, 2, 0), e's(2, 0, 2), e^(0, 2, 2) > Q - 287) 



Finally, we have 



= El«sW! + IQs(3)l + lQs(4)l 



J<2 



<ElQ^(^')l+'^s(l,l,l)+e(G^(-,-,0)) 



J<2 



+ e(G's(-,0,-))+e(G^(0,-,-)) + |^(^^j 



so es(l, 1, 1) > (2/3 - 577) (") as required. 



□ 



Claim 6.5. There exist two disjoint sets Si,S2 £ X" such that Gsi 
and Gs2 have at most 7567 (^) edges that are coloured differently or not 
coloured by (2, 2, 0), (2, 0, 2), (0, 2, 2) nor (1, 1, 1). 

Proof. Recall that \X"\ > By [7], we know that there exist Xi,Xi G 

Xi for i G [3] such that {xi,x'i} x {2;2,a;2} x {2:3,2:3} C X" . Let Si = 
{xi, X2, xq) and S2 ~ {x'l, x'2, x';^). To prove the claim, it is sufficient to 
show that if S and 5*' G {xi,x'i} x {x2,x'2} x {x3,a;3} differ only in one 
vertex, then there are at most 2527 (™) edges that are coloured differently 
in Gs and Gs' or not coloured by (2, 2, 0), (2, 0, 2), (0, 2, 2) nor (1, 1, 1) 

Without loss of generality, we may assume that xi G S* and x'l G S' . 
Note that for E G (^2^) , if £ is of type (ai, 02, (13) with respect to S, then E 
is of type (a^, a2, as) with respect to S' . Thus, if E is coloured differently 
in Gs and Gg/, then is not coloured by (2, 2, 0), (2,0,2), (0,2,2), (1,1,1) 
in Gs or Gg/ . By Claim [6741 for all but at most 1267(™) edges are coloured 
by (2,2,0), (2,0,2), (0,2,2), (1,1,1) for Gs and similarly for Gs'- Thus, 
the claim follows. □ 

Fix Si = (a;i, a;2, 2:3), S2 ~ {x'^, X2, x'g) G X" satisfying Claim 15751 Let 
G be the edge-coloured subgraph of a complete graph with vertex set M 
induced by the edges E G ("if) that are coloured (1, 1, 1), (2, 2, 0), (2, 0, 2) 
and (0, 2, 2) in both Gsi and Gs^ . By Claim [^71 and Claim [§3] G has at 
least (1 — 7567) (™) edges. By removing at most 87(™) additional edges, 
we may further assume that each subgraph induced by edges of one colour 
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Figure 3: Diagrams for Claim 



has minimum degree at least 7m. Call the resulting subgraph G' and note 
that e(G') > (1 - 7647) ("j'), 

e(G'(2,2,0)),e(G'(2,0,2)),e(G'(0,2,2))> - 7647) W 



e(G'(l,l,l))> (|- 7647) (2 



Furthermore, |G'(2,2,0)|, |G'(2, 0,2)1, !G'(0,2,2)| > (1/3 - I2OO7) m. 
Define Mi, M2 and M3 to be the sets of edges e G M such that e £ 
G'(0, 2, 2), e e G'(2, 0, 2) and e G G'(2, 2, 0) respectively. 

Claim 6.6. (a) Mi, A/2 and M3 are mutually disjoint. 

{b) Let ei £ Afi and £2 G A/^; uiit/i i ^ i! . Then, all edges of Lsi (ei , £2) U 
1/33(61,62) ineident with Vi^i or Vii ^2- 

(c) Let 61,62 G Ai"i. 1/6162 G G', £/ien 6162 is coloured (0,2,2). Similar 
statement holds for M2 and M3 . 

Proof. In the proof of each statement, we are going to show that there 
exists a matching M' of size r + 1 in the link graphs of Si and S2 spanning 
at most r edges of M. Moreover, \E{M') r\ E{yi,Vi+i)\ < 2, so we can 
enlarge M which contradicts the maximality of M. 

(a) First suppose that Mi n M2 7^ 0. By the minimum degree of 
G'(0, 2,2) and G'(2,0, 2), there exists a path 61626364, such that 616263 
is coloured (0,2,2) and 6364 is coloured (2,0,2). However, there exists a 
matching of size 4 in Ls;(6i, . . . ,64), namely {?;i,i'!;2,2, «i,2W2,ii ■!'i,3«3,2, 
«2,3«3,4, ■y2,4i'3,3} (sce Figure |3] (a) ) . 

(b) Without loss of generality, i = 1 and i' — 2. Let eo, 63 G M\{6i, 62} 
such that 60 7^ 63 and eoei and 6263 are of colours (0, 2, 2) and (2, 0, 2) 
respectively in G' . Suppose the claim is false, U2,iW3,2 G Lsi (61,62) say. 
Then, there exists a matching of size 5, namely {?;i,oW3,ii '''1,1*^3,0, ^'2, 1*^3, 2, 
«i,2?^2,3, ■yi,3«2,2} (see Figure 13] (6)) in Lsi(eo, ■ . ■ , 63) for i = 1, 2. 

(c) Let 60,63 G M\{ei,62} such that eo 7^ 63 and eoei and 6263 are 
both coloured (0,2,2) in G'. Suppose that 6162 is coloured by one of 
{(2,2,0), (2,0,2), (1,1,1)}. Without loss of generality, we may assume 
that t;2,2W3,i G Lg^ (61,62) for i = 1,2. Then, there exists a matching of 
size 5 in Lg^ (eo, . . . , 63) for i = 1,2, namely {ui,oW2,i, «i,i?^2,o, -^2, 2^3,1, 
«i, 2^3,3, ■yi,3«3,2}(see FigureE](c)). □ 
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For i e [3], pick Ml C of size (1/3 - I2OO7) m. Let M' = M{ U 
M2 U M3. Now we define H' to be a 3-partite 3-graph in H induced by 
V{M'). Claim \6l3\ states tfiat m > (1 — 3^7/2)n. Hence, eacli partition 
has size n' = 3(1/3 - 12007)m > (1 - j")n. Let Wi = Mi D Vi and 
t/i = Vi\V{Ml). First we show that the number of edges of type U1U2U3 
are small. 

Claim 6.7. Form G Ui audi £ [3], we have e{Lui{U,U,U)) < 8007(™) < 
')"n''^ . Moreover, the number of edge of type UUU is at most 2-y"n'^ /Z. 

Proof. Suppose the claim is for false for some ui £ Ui, and we have 
e{Lui [U, U, U)) > 8007(™) . Let ei e M' with m € ei. RecaU that G" has 
at most 7647 (™) missing edges. There exist 62,63 G M' with U2 € 62 and 
M3 G 63 such that 616263 form a triangle in G' . Note that 6j G M/^. with 
J 7^ ij for j G [3]. In order to obtain a contradiction, it is sufficient to 
show that there exists a matching of size 3 in Lg^ (ei, 62, 63)nLs2 (ei, 62, 63) 
avoiding the vertices iti ,U2,us and so we can enlarge M together with 5*1 
and 5*2. 

First suppose that ij are distinct. Without loss of generality we may 
assume that 61 G M2, 62 G M3 and 63 G A/{. Observe that {wi,2t'2.i, 
vi,3V3^i, V2,3V3,2} is a matching of size 3. Hence, we may assume that ei G 
M2 and 62, 63 G M3. There is also a matching of size 3 in Lsi (61, 62, 63), 
namely {ui,2"2,3, fi,3W3,i, W2,ii'3,2}. □ 

Finally, we are ready to show that H' is 87"-close to H'^in' -ju'). For 
Ml G !7i, 

deg^,(Mi) >S,{H) - 2(n - n')n > " 7 - 27") ^ " 3^') n\ 

Hence, there are (10/27 - 27")n' edges of type U1V2V3. Recall that the 
number of edges of type UUU is eu^ [U, U, U] < 2'y"n'^/3 by Claim 
Therefore, 

eH'lUi,W2, W3] + eH'[Ui,U2, W3] + eH'[Ui,W2, U3] > (10/27 - 8/37" 
and similar inequalities hold when we swap the indices. Thus, 
3(10/27 - 8/37")".'^ <e„' [UWW] + 2eH' [UUW] 

<eH' [UWW] + bh' [UUW] + V V9 
(2/3 - 87")n''^ <e„,[UWW]+eH'[UUW]. (22) 
Since e{Hs{n'; n')) = 2n'^ /?,, H' is 87"-close to H'^in'; n'). □ 

7 Extremal Result 

Our aim of this section is to prove the following lemma and Theorem ll.3l 

Lemma 7.1. For < e < 2~^^, there exists an no such that the following 
holds. Suppose H is a 3-partite 3-graph with each class of size n > no • // 
H is e-close to H^^n^n) and 

f|n^ — |n i/n = (mod 3), 

|n^ + |n-| ifn = l (mod 3), 
fn^ + fn-l ifn = 2 (mod 3), 

then H contains a perfect matching. 
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Our argument follows closely to Kiihn, Osthus, and Treglown [T^ 
(Lemma 7). Given a > and a 3-partite 3-grapli H on the same parti- 
tion classes as H' {n\d\,d2,di), we say a vertex v € V{H) is ot-good with 
respect to H{n; di,d2,d-i) if 

Otherwise v is said to be a-bad. Next, we show that if all vertices of H 
are a-good with respect to H'{n; di, d2, da) with di + d2 + d-^ = ?i, then 
H contains a perfect matching. 

Lemma 7.2. Let < a < 2^* and let n, di, d2 and da be integers such 
that di , d2, da > 5n/16 and di + d2 + da = n > 10. Suppose that H is a 3- 
partite 3-graph on the same partition classes as H'{n; di, d2, da) and every 
vertex of H is a-good with respect to H' {n; di, d2, ds) . Then H contains 
a perfect matching. 

Proof. Let U\ U Wi, U2 U W2 and U3 U Wa be the partition classes of 
-ff'(n; di, d2, da) with \ Wi\ = di for i £ [3]. Consider the largest matching 
M in H which consists entirely of edges of type UUW. For j € [3], 
define Mi to be the submatching in M consisting of edges of type UUWi. 
Let Ui = Ui\V{M) and Wl = W^\V{M) for i e [3]. Without loss of 
generality, we may assume that Wl 7^ and so 172 7^ and U->, Next, 
we are going to show that |Mi| > n/4. Let w\ £ Wi. Since w\ is a-good 
with respect to H'{n\ di, d2, da) but E{Lw)r\ {V2 x V3) = 0, it follows that 
min{|1/2'l,|V^3|} < V^n, say \V2\ < ^/Sn. Thus, |Mi| = \V2\Vi\ - \Uz\ > 
n — d2 — \fcai — da > n/4 as required. 

Consider w\ G W{, G U'2 and wa £ C/3. Given a pair of 61,62 of 
distinct matching edges from Mi, we say that (ei, 62) is good for w\U2Us, 
if there are all possible edges e in H which take the form : e is of type 
UUWi and 

|V(e)nl/(6i)| = \V{e)nV{e2)\ = !I/(6)n{wi,U2,Ma}! = 1. 

Note that if such pair (61,62) exists, we obtain a matching in H that is 
larger than M, yielding a contradiction. 

Since \Mi\ > n/A, we have at least ("^'') > /QA pairs of distinct 
matching edges 61,62 G M\. Since wi, U2 and ua are a-good with respect 
to H' {n;di,d2, ds), there are at most 3an^ < pairs (61,62) G (^j^) 

such that are not good for TOiU2'ita. So there exists a pair of edges that is 
good for W1U2U3, a contradiction. □ 

Proof of Lemma \7.1\ Suppose H is as in the statement of the lemma. Let 
n — 3r + s -\- 1 with r > and s £ [3]. Thus, 5i{H) > da(n, r, s), where 
d3(n,r,s) is defined in CoroUarv 13^41 Let Ui U Wi, U2 U W2, U3 U W3 be 
the partition classes of H with 

!r if i = 1 and s — 1, 

r + 2 if i = 3 and s = 3, 
r + 1 otherwise 

for i G [3]. Since H is e-close to H-},{n; n), all but at most 'i^/en vertices in 
H are y^-good with respect to H'{n;n). Let C/f'"' be the set of y^-bad 
vertices with respect to H'{n;n) in Ui for i € [3]. Define Wi°''^ similarly. 
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So \U!'"^\,\W,^'"'\ < 3y^en for i € [3]. Let c ^ max | VFi*""*!, so c < 3^n. 
For i G [3], pick a set W^i such that Wj""^ CWiCWi and 

{c if i = 1 and s = 1, 

c + 2 if i = 3 and s = 3, . 
c + 1 otherwise 

Define f/° = [/, U and W° = WA^. Note that = = |f/3°| = 
n — r + c. 

We are going to successively remove matchings M^, . . . , from i/. 
For j e [5], let = //^"i - 1/(M^), f/f = [//-^^(M^), t/^' = \J^^^^^ Uf, 
Wi = Wr'"'\y"(A'P) and = U,g[3] '^^Z' ^^ere H° = H. Write m, = 

Recall that \Ui\ = n — r + c. Hence, 

5i{H[U°]) >ds{n,r,s) - {n^ ^ \U° \\U" \) > d3{\U°\, c, s). 

Thus, there exists a matching of size mi — 3c + s + 1 in H[U°] by 
Corollary [331 

Let H' — H'j{n — m\;n — mi) on the vertex set V{H^). Note that 
\i u £ is y^-good with respect to H^{n;n) in H, then v is 2y'e-good 
with respect to H' m or else 

!i5(L^("^"'\Lf )1 > liJ(Lf'\if')j > 2^n? > 

contradicting u being y^-good with respect to H'j{n;n) in H. If w G 
Wi n V{H^) is y^-good with respect to H!^{n;n) in //, then 

\if )i <|i?(i»^<"^"\i")l + 1^211^3^1 + \m\\w^\ 

Therefore, if a vertex v £ V{H^) is S-^e-bad with respect to H' , then 

f G \J{U^'"' U W?i)- Define [/^■'""'' to be the set of such vertices, and so 
|fyi,(,ad| ^ 3^^^ (yi.bad ^ 0^ ^j^^^ ^j^^^.^ ^^j^^^ matching Ma of size 

n — mi in by Lemma [7.21 Thus, Mi U M2 is a perfect matching in H. 
So we may assume that U^-^'^'' / 0. 

A vertex u G 1/^'^°'^ is useful if there exist greater than Gy^n^ pairs of 
vertices {u\w) £ x such that uu'w is an edge in C -ff. Clearly 
we can greedily select a matching M2 in of size ma < jiyi'*""*! < Sy^n'^ 
where M2 covers all useful vertices and consists entirely of edges of type 

Consider any vertex u G (y^'*""* n C/^, say u G Vi. Since u is not useful, 
it must lie in more than 

Si{H) - n{\V2 n V{M)\ + \Va n V(M)\) - 6V^n - > 6^/in' 

edges in Since < 3y^n, once again, we can greedily select 

a matching in H'^[U^] of size \U^''"^'i n f/^| such that covers aU 

Note that H"^ is a 3-partite 3-graph with each partition of size n-i — n — 
mi — ma — m3 > (1 — 20y^)n. Let di — \W'i\ fori G [3]. Our aim is to show 
that every vertex in is 6y^-good with respect to H' {rii; di, d2, d^). 
Indeed, recaU that for every vertex in V {H^)\U^''""' is 5y^-good with 
respect to H' , so an easy calculation shows that every vertex in is 
6y^-good with respect to H'{n3; di, rfa, da) as claimed. Therefore, we can 
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greedily find a matcliing M* of size mi + ms < 13y^n edges consisting of 
edges of type U*W^W^. 

Finally, it is easy to see that all vertices of _ff* are Sy^-good with 
respect to H' {n4; d'l, d'2, d'^), where d'i — \Wi\ for i £ [3]. Note that 
d'i > 5714/16 and 

d'l + d'2 + d'^ = n ~ 7712 — 27714 = 71 — y ^ TTli = 714. 

is [4] 

Thus, we can apply Lemma 17.21 to obtain a perfect matching AI"' in H'^, 
so U ■ • ■ U is a perfect matching in H . □ 

Finally, we are ready to prove Theorem [13] 

Proof of Theorem \1.3i Let 7 > be sufficiently small and 710 be suffi- 
ciently large. Set p = 67^ and 7" = 3(12007 + x/t/S)- 

Since 7 is small, 

H satisfies the hypothesis of Lemma [4.21 with fc = 3 and 1 = 1. Let Af be 
the matching given by Lemma[42]and so < 7^71. Let H' = H\V{Ad). 
Note that 

Si{H') > Si{H) - 27^71^ > 

where n' = n — \AI\. First suppose that there exists a matching AI' in 
H' covering all but at most pn' < 67^71 vertices in each partition class. 
Let W = V{H)\V{MLI M'). By Lemma [421 there exists a matching M" 
covering exactly the vertices of V{M) U W . Thus, M' and Af" form a 
perfect matching. 

Therefore, we may assume that there is no matching in H' of size 
(1 — p)7i'. By Lemma [6. II there exists a subgraph H" in H' such that H" 
is 87"-close to ^3(71"; 71"), where 71" > (1 - 7")7i' > (1 - 27")7i and 3|7i". 
Note that 

\E{H;,in;n))\Em <\E{H;,{n-n))\EiH")\ 

<87"7i"^ + 3(71 - 7i")7i'' < 147"7l^ (23) 

so H is 147"-close to H'^{n\n). Therefore H has a perfect matching by 
Lemma [TT] □ 
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